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On certain K-equivalent birational maps
Duo Li
Abstract. We study K-equivalent birational maps which are resolved by a
single blowup. Examples of such maps include standard ﬂops and twisted
Mukai ﬂops. We give a criterion for such maps to be a standard ﬂop or a
twisted Mukai ﬂop. As an application, we classify all such birational maps
up to dimension 5.
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1. Introduction
In this article, all the varieties are defined over complex numbers and are
assumed to be projective and smooth. By projective bundle, we mean that
there exists a locally free sheaf E s.t. P(E) = Proj(Sym(E∨)). By Pn fibration
α : X → Y, we mean that α−1(y) is isomorphic to Pn for every closed point
y ∈ Y.
In this article, we address the study of the birational map θ : X //❴❴❴ X+
which is K-equivalent and can be resolved by a single blowup. We call θ a
birational map of Simple Type. To be concrete, there is a closed smooth
subvariety P of X (resp. P+ a closed smooth subvariety of X+) and the blowup
ϕ : BlP (X)→ X along P (resp. ϕ
+ : Bl+P (X
+)→ X+ along P+ ) satisfies that:
(1) BlP (X) ≃ BlP+(X
+) (we denote this variety by X˜).
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(2) θ ◦ ϕ = ϕ+, i.e., the diagram
X˜
ϕ
⑧⑧
⑧⑧
⑧⑧
⑧⑧ ϕ+
  
❇❇
❇❇
❇❇
❇❇
X
θ
//❴❴❴❴❴❴❴ X+
is commutative.
(3) ϕ∗(KX) = ϕ
+∗(KX+) in Pic(X˜).
(4) θ is not an isomorphism.
Actually, we know two concrete constructions of birational maps of simple
type as follows:
1. standard flop (over a base C)(In article [8], standard flops are called ordi-
nary flops instead):
Suppose that there is a closed subvariety P of X satisfies that π : P =
PC(E) → C is a projective bundle. The normal bundle of P satisfies that
NP/X = π
∗E+ ⊗ O(−1) where E+ is a vector bundle over C and O(1) is the
tautological bundle for PC(E). Then we consider the blowup of X along P. Let
P+ = PC(E+). We denote π+ : P+ → C the projective bundle morphism, then
the exceptional divisor E ≃ P ×C P
+. For any fibre F of p+ : E → P+, by
a simple calculation, we have that OE(E)|F ≃ O(−1) (see Chapter 11, [5] or
Section 1, [8]). By Fujiki-Nakano’s criterion(see [2] or Remark 11.10, [5]), there
is a blow-down ϕ+ : X˜ → X+ compatible with p+. Hence we obtain a birational
map θ : X 99K X+, we call θ a standard flop over C.
2. twisted Mukai flop (over a base C):
Suppose that there is a closed subvariety P of X satisfies that π : P =
PC(E) → C is a projective bundle. The normal bundle of P satisfies that
NP/X = ΩP/C ⊗ π
∗L for some line bundle L of C. Then we consider the blowup
of X along P. Let P+ = PC(E∨).We denote π+ : P+ → C the projective bundle
morphism, then the exceptional divisor E ≃ PP (ΩP/C) is a prime divisor of
P ×C P
+, hence there is an induced projective bundle structure p+ : E → P+.
For any fibre F of p+, by a simple calculation, we have that OE(E)|F ≃ O(−1)
(see Chapter 11, [5] or Section 6 of [8]). By Fujiki-Nakano’s criterion(see [2] or
Remark 11.10, [5]), there is a blow-down ϕ+ : X˜ 99K X+ compatible with p+.
Hence we obtain a birational map θ : X 99K X+, we call θ a twisted Mukai flop
over C, if L is a trivial line bundle, we call θ a Mukai flop for short.
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Remark 1.1. In the above constructions, X+ is not necessarily projective.
But it is reasonable to assume that there exists a flopping contraction β : X →
X compatible with π : P → C. Under this assumption, X+ can be proved
projective. For details, see Proposition 1.3 and Proposition 6.1, [8].
There is a natural question: are all birational maps of simple type either
standard flops or twisted Mukai flops? Actually, we construct a new simple
type birational map in Example 3.8 and one of the main results of our article
is:
Theorem 1.2. A birational map of simple type, if dimX ≤ 5, is either a
standard flop, a twisted Mukai flop or a flop as in Example 3.8.
For properties about standard flops and twisted Mukai flops, we use [5] and
[8] as our main references. We note that in articles [3] and [8], motivic and quan-
tum invariance under a standard flop or a twisted Mukai flop was studied, we
hope this article could offer useful information to further study in that direction.
Now let us state the structure of this article: first, we prove that ϕ and ϕ+
share a common exceptional divisor E and dimP = dimP+. Then we generalise
E. Sato’ classification results about varieties which admits two different projec-
tive bundle structures to a relative version. The main result of this article is
Theorem 2.6, we prove that a birational map of simple type is a standard flop
or a twisted Mukai flop if and only if P and P+ are projective bundles over a
common variety. As an application of our main result, we classify simple type
birational maps when dimX ≤ 5, here recent results of [6] and [17] play impor-
tant roles in our classification.
Acknowledgments. The author is very grateful to Professor Baohua Fu
for his support, encouragement and stimulating discussions over the last few
years. The author is very grateful to Professor Chin-Lung Wang for his helpful
suggestions and discussions. The author wishes to thank Yang Cao, Yi Gu,
Wenhao Ou, Xuanyu Pan, Lei Zhang for useful discussions and thank Professor
Xiaokui Yang for his support and encouragement.
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2. Proof of main results
Let us start with the following observation, which shows that ϕ and ϕ+ share
a common exceptional divisor E, hence E admits two projective bundle struc-
tures. We will repeatedly use this fact in the rest of our article.
Lemma 2.1. The blowups ϕ and ϕ+ share a common exceptional divisor E and
dimP = dimP+
Proof. Let k = codim(P,X) and k+ = codim(P+, X+), then k, k+ ≥ 2. Since ϕ
and ϕ+ are blowups, the corresponding exceptional divisors are E and E+, we
have the following two equations:
(1) ϕ∗KX = KX˜ − (k − 1)E
(2) ϕ+∗KX+ = KX˜ − (k
+ − 1)E+.
Since ϕ∗(KX) = ϕ
+∗(KX+), E is numerically equivalent to
k+−1
k−1
E+, where
k+−1
k−1
> 0.
Since E is a projective bundle over P , for any point p ∈ P , the fiber Fp of ϕ
is isomorphic to Pk−1. For any line C in Fp ≃ Pk−1, C · E = degOX˜(E)|C =
degO(−1) = −1. As p varies, these negative lines in Fp cover E.
If E 6= E+, then there exists a line C in Fp0 for some p0 ∈ P such that C is
not contained in E+. So C · E = C · (k
+−1
k−1
)E+ ≥ 0, contradicts to C · E < 0.
Then E = E+ and k+ = k. 
By Propostion 1.14, [1], ϕ|E and ϕ
+|E are non-isomorphic fibrations. There
is a lower bound for the dimension of P.
Lemma 2.2. 2 dimP + 1 ≥ dimX.
Proof. The exceptional divisor E has two projective bundle structures over P
and P+. We denote these two projective bundle morphisms in the following
diagram:
E
p
//
p+

P
P+
where p = ϕ|E and p
+ = ϕ+|E. Since fibers of different extremal ray contractions
can meet only in points, (p, p+) : E −→ P×P+ is a finite morphism to its image.
So dimE ≤ 2 dimP, which means that dimX ≤ 2 dimP + 1. 
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Now recall E.Sato’s classification about varieties which admit two projective
bundle structures (See Theorem A in [14]).
Theorem 2.3. If E has two projective bundle structures over projective spaces:
E
p1
//
p2

Pn
Pn
then E is isomorphic to either Pn×Pn ( in this case, dimE = 2n ) or PPn(ΩPn)
(in this case, dimE = 2n− 1).
Remark 2.4. We now sketch the proof of E.Sato’s theorem in the case of
dimE = 2n − 1. First, it can be proved that Φ = (p1, p2) : E −→ Pn × Pn is
a closed immersion. Then Φ(E) is a Cartier divisor in Pn × Pn, we denote the
defining equation of Φ(E) by F (X0 · · · , Xn; Y0 · · · , Yn). The key point is F is
a homogeneous polynomial of bidegree (1, 1). Moreover, it can be shown that
after performing suitable linear transforms of (X0 · · · , Xn) and (Y0 · · · , Yn), F
is of the form F =
∑n
i=0Xi · Yi. If we view PPn(ΩPn) as a closed subvariety of
Pn × (Pn)∗ by the Euler sequence:
0→ ΩPn → O(−1)
n+1 → O → 0,
then E has the same defining equation as that of PPn(ΩPn).
Now we generalise E.Sato’s result to a relative version.
Theorem 2.5. Suppose that E admits two projective bundle structures:
E
p1
//
p2

P1
P2
If the following conditions are satisfied:
(1) P1 and P2 are projective bundles over a common variety C, i.e. P1 =
PC(E1) and P2 = PC(E2) for some locally free sheaves Ei on C.
(2) Let πi : Pi −→ C denote the projective bundle morphism, we assume
that π1 ◦ p1 = π2 ◦ p2.
(3) dimP1 = dimP2.
then E is isomorphic to either P1×CP2 or PP1(ΩP1/C). In the first case, dimE =
2dimP1 − dimC; in the second case, dimE = 2dimP1 − dimC − 1.
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Proof. We assume that the rank of Ei is k + 1 and let α = π1 ◦ p1. Then the
following diagram :
E
α
  ❆
❆❆
❆❆
❆❆
❆
p1
//
p2

P1
pi1

P2 pi2
// C
commutes. Since every fiber of α has two projective bundle structures over
projective spaces, by Theorem 2.3, dimE = 2dimP1 − dimC or dimE =
2dimP1 − dimC − 1.
In the case of dimE = 2dimP1− dimC, we aim to show that E ≃ P1×C P2.
Note that we have the following commutative diagram:
E
Φ=(p1,p2)
//
α

❄❄
❄❄
❄❄
❄❄
P1 ×C P2
zz✉✉
✉✉
✉✉
✉✉
✉✉
C
For any c ∈ C, let Ec be the fiber of α. Then by Theorem 2.3, the restriction of
Φ to Ec :
Φc : Ec −→ π
−1
1 (c)× π
−1
2 (c) ≃ P
k × Pk
is an isomorphism. So Φ is an isomorphism.
In the case of dimE = 2dimP1 − dimC − 1, we aim to show that E ≃
PP1(ΩP1/C).
We note that Φ = (p1, p2) : E −→ P1 ×C P2 is a closed immersion. First, Φ
is finite onto its image. Otherwise, there will be a curve contracted by both pi.
Since for any curve C of Pk, deformations of C cover Pk, then there is a fibre
of p1 contracted by p2. So by the rigidity lemma, p1 = p2 as fibrations, which is
a contradiction to our assumptions. Also, for an arbitrary c ∈ C, by Theorem
2.3, Φc : Ec −→ π
−1
1 (c)× π
−1
2 (c) ≃ P
k ×Pk is a closed immersion. Moreover, Ec
is a prime divisor defined by a homogeneous polynomial of bidegree (1, 1). Then
Φ is a finite morphism to its image of degree one, so Φ is a closed immersion.
Let X = P1 ×C P2, qi : X → Pi denote the projection morphism and
f : X → C be the base morphism. We view E as a prime divisor of X,
then OX(E) ≃ q
∗
1O(1) ⊗ q
∗
2O(1) ⊗ f
∗L where O(1) denotes the tautological
line bundle of a given projective bundle and L is a line bundle of C. Note that
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f∗(OX(E)) ≃ E
∨
1 ⊗ E
∨
2 ⊗ L. Since E is an effective divisor, there is a non-zero
global section of H0(C, f∗(OX(E))) = H
0(X,OX(E)). Then this global sec-
tion induces a morphism of sheaves O → E∨1 ⊗ E
∨
2 ⊗ L, hence a linear form
β : E1 ⊗ E2 → L.
Actually, the linear form β is non-degenerate. For any affine open subset
SpecA of C, Φ(E) is a Cartier divisor of P1 ×A P2. Then Φ(E) is defined by
a single equation F (X0 · · · , Xk; Y0 · · · , Yk) = 0 whose coefficients are elements
of A. For any local sections of E1 and E2: e1 = (x0 · · · , xk), e2 = (y0 · · · , yk),
we have that β(e1, e2) = F (x0 · · · , xk; y0 · · · , yk). Since F is a homogeneous
polynomial of bidegree (1, 1), we can write β as :
(2.1) β(e1, e2) =
(
x0 · · · xk
)
M


y0
...
yk


where M is a matrix in Mn(A). By Theorem 2.3 and Remark 2.4, det(M) is
invertible in Am for any maximal ideal m of A, so M is an invertible matrix,
which means that the linear form β(−,−)is non-degenerate. So E1 ≃ E
∨
2 ⊗ L.
Since P(E2 ⊗L−1) ≃ P(E2), in what follows we assume that E1 ≃ E∨2 .
By the relative Euler sequence 0 → ΩP1/C → π
∗
1(E
∨
1 )(−1) → O → 0,
PP1(ΩP1/C) is a closed subvariety of P1×C P2. As closed subvarieties of P1×C P2,
on any affine piece of C, E and PP1(ΩP1/C) are defined by the same equation∑
Xi · Yi = 0, so E ≃ PP1(ΩP1/C). 
Now we assume that P and P+ are projective bundles over a common variety
C, i.e. P ≃ PC(E) and P+ ≃ PC(E+) where E , E+ are locally free sheaves of
rank n + 1 on C, π : P = PC(E) −→ C (resp. π+ : P+ = PC(E+) −→ C) is the
projective bundle morphism. We let p = ϕ|E and p
+ = ϕ+|E.
We summarise all the morphisms of our problem in the following diagram:
E

p+
!!❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
p
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
X˜
ϕ
⑧⑧
⑧⑧
⑧⑧
⑧⑧ ϕ+
  ❇
❇❇
❇❇
❇❇
❇
P //
pi
''P
PP
PP
PP
PP
PP
PP
PP X
❴❴❴ θ //❴❴❴ X+ P+oo
pi+
vv♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠♠
C
.
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Theorem 2.6. Suppose that θ : (X,P ) 99K (X+, P+) is a birational map of
simple type, where (P, π) and (P+, π+) are projective bundles over a common
variety C and π ◦ p = π+ ◦ p+. Then θ is a standard flop or a twisted Mukai
flop over base C.
Proof. Since E has two projective bundle structures over P and P+, by Theo-
rem 2.5, E ≃ P ×C P
+ or E ≃ PP (ΩP/C).
Assume first that E ≃ P ×C P
+. Since E ≃ PP (π∗E+) and E ≃ PP (NP/X),
we can assume that NP/X = π
∗E+ ⊗ L where L is an invertible sheaf of P.
Suppose that L = π∗L′ ⊗O(−d), where O(1) is the tautological line bundle of
π : P → C and L′ is a line bundle of C. Since PC(E+) = PC(E+ ⊗ L′), we can
assume that NP/X = π
∗E+ ⊗O(−d). We aim to show that d = 1.
Since ϕ is a blowup, ωE ≃ ϕ
∗ωX |E⊗OE((n+1)E) where n+1 = codim(P,X).
Let h = p ◦ π. We now calculate ϕ∗ωX |E ≃ p
∗ωX |P as follows:
(2.2) ϕ∗ωX |E ≃ p
∗ωP ⊗ (detNP/X)
−1 ≃ p∗ωP ⊗ h
∗(det E+)−1 ⊗ p∗O((n+ 1)d).
So ωE ≃ p
∗ωP ⊗ h
∗(det E+)−1 ⊗ p∗O((n + 1)d) ⊗ OE((n + 1)E). For any fiber
F ≃ Pn of p+, h(F ) = c for some point c ∈ C. The morphism p maps F
isomorphically to π−1(c) = Pn, which is illustrated as follows:
F
p|F

// E
h
  
❅❅
❅❅
❅❅
❅❅
❅
p

p+
// P+
pi+

π−1(c) // P
pi
// C
Since OE(E)|F ≃ O(−1), then we have that
{p∗ωP ⊗ h
∗(det E+)−1⊗ p∗O((n+1)d)⊗OE((n+1)E)}|F ≃ O((n+1)(d− 2)).
We know that ωE |F ≃ O(−n − 1), so d = 1 which means that NP/X ≃
π∗E+ ⊗O(−1) and θ is a standard flop over C.
Assume now that E ≃ PP (ΩP/C). By Theorem 2.5, we know that E ≃ E+∨
and E →֒ P ×C P
+ is a closed immersion. Since E ≃ PP (NP/X), we can as-
sume that NP/X = Ωp/C ⊗ L where L is an invertible sheaf of P. Suppose that
L = π∗L′ ⊗ O(−d), where O(1) is the tautological line bundle of π : P → C
and L′ is a line bundle of C. We aim to show that d = 0.
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Since ϕ is a blowup, ωE ≃ ϕ
∗ωX |E⊗OE((n+1)E) where n+1 = codim(P,X).
Let h = p ◦ π, we now calculate ϕ∗ωX |E ≃ p
∗ωX |P as follows:
(2.3) ϕ∗ωX |E ≃ p
∗ωP ⊗ (detNP/X)
−1 ≃ h∗ωC ⊗ p
∗L⊗(−n−1).
So ωE ≃ h
∗ωC ⊗ p
∗L⊗(−n−1) ⊗ OE((n + 1)E). For any fiber F ≃ Pn of p+,
h(F ) = c for some point c ∈ C. The morphism p maps F into π−1(c) = Pn+1 as
a hyperplane, which is illustrated as follows:
F
p|F

// E
h
  
❅❅
❅❅
❅❅
❅❅
❅
p

p+
// P+
pi+

π−1(c) // P
pi
// C
Since OE(E)|F ≃ O(−1), then we have that
{h∗ωC ⊗ p
∗L⊗(−n−1) ⊗OE((n+ 1)E)}|F ≃ O((n+ 1)(d− 1)).
We know that ωE|F ≃ O(−n− 1), so d = 0 which means that NP/X ≃ ΩP/C ⊗
π∗L′ and θ is a twisted Mukai flop over C.

Note that by Lemma 2.2, we know that there is a lower bound for the di-
mension of P. As an application of Theorem 2.6, we will classify the birational
morphism θ when dimP reaches the lower bound. Here, what is different from
Theorem 2.6, we don’t assume that P and P+ are projective bundles in advance,
actually we obtain a result as follows:
Theorem 2.7. (1) If dimX = 2dimP + 1, then θ is a standard flop.
(2) If dimX = 2dimP, then θ is a Mukai flop or a standard flop over a
curve.
Proof. (1) If dimX = 2dimP + 1, then dimE = 2dimP. So the morphism
(p, p+) : E −→ P × P+ is surjective. For any fiber F of p+, p|F :
F −→ P is surjective. By Lazarsfeld’s theorem [7], P is a projective
space, similarly, P+ is also a projective space. By Theorem 2.6, ϕ is a
standard flop.
(2) If dimX = 2dimP, then dimE = 2dimP − 1. By Theorem 2 in [13],
E ≃ PP (ΩP ) where P and P+ are projective spaces or E ≃ P ×C P+
where C is a smooth curve and P (resp. P+) is a projective bundle over
C. By Theorem 2.6, ϕ is a Mukai flop or a standard flop.

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3. Classifications when dimX ≤ 5
Now as an application of all the results we have obtained, we can classify
the simple type birational maps when dimX ≤ 5. As a first step, we have the
following easy corollary from Theorem 2.7.
Corollary 3.1. (1) If dimX = 3, then by Lemma 2.2, we have 2 dimP +
1 ≥ 3, so dimP = 1. Then θ is a standard flop by Theorem 2.7.
(2) If dimX = 4, then by Lemma 2.2, we have 2 dimP +1 ≥ 4, so dimP =
2. Then θ is a Mukai flop or a standard flop by Theorem 2.7.
(3) If dimX = 5, then by Lemma 2.2, we have 2 dimP+1 ≥ 5, so dimP = 2
or 3. If dimP = 2, then θ is a Mukai flop or a standard flop by Theorem
2.7.
In the rest of this section, we keep the assumption that dimX = 5. As we see
in Corollary 3.1, the remaining unknown case is dimP = 3. In this situation,
the exceptional divisor E admits two P1 bundle structures as follows:
E
p
//
p+

P
P+
.
For an arbitrary fibre F of p+, it is a natural question to ask whether p(F ) is
extremal in the cone of curves NE(P ). Actually, we have the following lemma.
Lemma 3.2. If E admits two P1 bundle structures as above, then p(F ) is
extremal. Furthermore, the contraction morphism π : P → C is smooth.
Proof. See Theorem 2.2, [6]. 
If the picard number ρ(P ) ≥ 2, i.e. dimC ≥ 1, we aim to show that θ is a
standard flop or a twisted Mukai flop. First, there exists π+ : P+ → C making
the following diagram commutative:
E
p
//
p+

P
pi

P+
pi+
// C
.
The main obstruction to apply our result Theorem 2.6 is that we don’t know,
a priori, whether π or π+ is a projective bundle. Actually, there is a criterion
for projective bundles as follows:
10
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Lemma 3.3. Suppose that f :M → S is a smooth Pk fibration. Let us consider
the exact sequence
0→ Gm → GLk+1 → PGLk → 0,
then we have an exact sequence of e´tale cohomologies:
H1e´t(S,GLk+1)
d
→ H1e´t(S, PGLk)→ H
2
e´t(S,Gm),
if d is surjective, then f is a projective bundle. In particular, when dimS = 1,
H2e´t(S,Gm) vanishes and d is surjective.
Proof. See Theorem 0.1 in [9] and Lemma 1.2 in [10]. 
Remark 3.4. Note that when dimZ ≥ 2, the H2e´t(S,Gm) is not necessarily
vanished, things become much more complicated. For example, we consider an
arbitrary smooth P1 fibration f :M → S which is not a projective bundle. Let
R = M ×S M, the projection p : R → M is always a projective bundle, as the
diagonal morphism δ :M → R is a section of p (for details, see Chapter 3, Ex-
ercise 4.24 and Chapter 4, [11]). This example shows that the projective bundle
structure of p can’t decent to f , it is the main difficulty in the classification of
simple type birational maps when dimX = 5.
Lemma 3.5. If dimC = 1, then θ is a twisted Mukai flop over C.
If dimC = 2, then θ is a standard flop over C.
Proof. First, we fix some notations. For any c ∈ C, we let Pc be the fibre of
π and P+c be the fibre of π
+. Let h = π ◦ p and Ec = h
−1(c). Since π is an
elementary contraction, the picard numbers ρ(Pc) = ρ(P
+
c ) = 1.
We observe that the exceptional divisor E admits two P1 bundle structures
over P and P+, so there are induced P1 bundle structures of Ec over Pc and P+c .
If dimC = 1, then dimEc = dimPc + dimP
+
c − 1. By Theorem 2 in [13] and
ρ(P ) = 1, Pz and P
+
z are projective spaces. Since C is a curve, H
2
e´t(C,Gm) = 0,
then P and P+ are projective bundles over C. Then by Theorem 2.6, θ is a
twisted Mukai flop over C.
If dimC = 2, then for any c ∈ C, dimPc = dimP
+
c = 1. Then dimEc =
dimPc + dimP
+
c , by the same argument as in Theorem 2.7, we know that Pc
and P+c are projective lines. So π and π
+ are smooth P1 fibrations. However,
as we show in Remark 3.4, the projective bundle structure of p can’t decent to
π. Fortunately, there is a criterion of projective bundles for elementary contrac-
tions, see Lemma 3.6 below. Let l = −Pc ·KP . Since KP = π
∗KC⊗KP/C , l = 2.
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Then π is an elementary contraction of maximal length. By Lemma 3.6, π is
a projective bundle. By Theorem 2.6, we know that θ is a standard flop over
C. 
Lemma 3.6. Suppose that π : P → C is an elementary contraction of an ex-
tremal ray Γ. Let l(Γ)= max {KP · A| A is a rational curve whose numerical
class [A] is in Γ}. If π is an equidimensional fiber contraction of relative di-
mension d and l(Γ) = −d − 1, then π is called an elementary contraction of
maximal length and π is a projective bundle.
Proof. See Theorem 1.3, [4]. 
Now we assume that ρ(P ) = 1 i.e. dimC = 0. We recall the following result
about smooth varieties which admits two P1 bundle structures:
Lemma 3.7. Let X be a complex projective manifold with Picard number ρ(X) =
1 and E rank 2 vector bundle on X. Assume that Z = P(E)→ X admits another
smooth morphism Z → Y of relative dimension 1 and n = dimX ≥ 2. Then,
(1) X and Y are Fano manifolds with ρ = 1 and there exists a rank 2 vector
bundle E ′ on Y such that Z → Y is given by P(E ′).
(2) if E and E ′ are normalised by twisting with line bundles (i.e., c1 = 0 or
−1), then ((X, E), (Y, E ′)) is one of the following, up to exchanging the
pairs (X, E) and (Y, E ′):
(a) ((P2, TP2), (P2, TP2)), where TP2 is the tangent bundle of the projec-
tive plane P2,
(b) ((P3,N ), (Q3,S )), where N is a null-correlation bundle on P3
and S is the restriction to the 3−dimensional quadric Q3 of the
universal quotient bundle of the Grassmannian G(1,P3),
(c) ((Q5,C ), (K(G2),L )), where C is a Cayley bundle on Q
5, K(G2)
is the 5−dimensional Fano homogeneous contact manifold of type
G2 which is a linear section of the Grassmannian G(1,P6) and L
the restriction of the universal quotient bundle on G(1,P6).
Proof. See Theorem 1.1, [17]. 
Now apply the above Lemma 3.7 to our problem, note that E admits two P1
bundle structures and dimE = 4, we can assume that P = P3 and the normal
bundle NP/X = N ⊗ O(d) for some integer d ∈ Z. By the exact sequence for
the null-correlation bundle
0→ N → TP3(−1)→ O(1)→ 0
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E is a closed subvariety of P3 × Q3 and p is compatible with the projection
P3 × Q3 → P3 (resp. p+ is compatible with the projection P3 × Q3 → Q3, for
details, see Proposition 2.6, [16] and Chapter 1, Section 4.2, [12] ).
Example 3.8. Keep the notations as above, we can construct a simple type
birational map as follows:
Let P = P3 and the normal bundle NP/X = N ⊗ O(d). We denote by
ϕ : X˜ → X the blowup of X along P, hence the exceptional divisor E has a
P1 bundle structure over P. By Lemma 3.7, E has another P1 bundle structure
over a quadric Q3, we denote this projective bundle morphism by p+ : E → Q3.
Then ωE ≃ ϕ
∗ωX |E ⊗OE(2E) ≃ p
∗ωP ⊗ (detNP/X)
−1 ⊗OE(2E).
Next we calculate the restriction of OE(E) on an arbitrary fiber F of p
+.
By Proposition 2.6, [16], F is a projective line in P3 and c1(N ) = 0. So
p∗ωP ⊗ (detNP/X)
−1 ⊗ OE(2E)|F = O(−4 − 2d) ⊗ OE(2E)|F . Since ωE|F ≃
ωE/Q3|F = O(−2). So OE(E)|F ≃ O(d+1). By Fujiki-Nakano’s criterion(see [2]
or Remark 11.10, [5]), there is a blow-down ϕ+ : X˜ → X+ compatible with p+
if and only if d = −2.
Also, X+ constructed here is not necessarily projective. As in Remark 1.1,
suppose that there exists a flopping contraction β : X → X contracting P,
then X+ can be proved projective by the same argument as Proposition 1.3, [8].
For the sake of completeness, we here give a detailed proof as follows: First,
−KX˜ · F = deg(ωE ⊗ OE(−E))|F = −1 < 0. So F is a KX˜ negative curve.
Next, we aim to show that [F ] spans an extremal ray in NE(X˜), i.e., it has
a supporting divisor(nef and big). Let H be an ample line bundle on X and
L = β∗H, where H is an ample line bundle on X. Then we consider the divisor
L′k = kϕ
∗L − (ϕ∗H + λE)
where k >> 0 and λ = H · ϕ(F ). We next show that this divisor is nef and big
for large k and vanishes precisely on the ray spanned by [F ]. For an irreducible
curve A in X˜, we assume firstly that A ⊆ E. Since ρ(E) = 2, A is numerically
equivalent to aF + bG where G is a fiber of p and a, b are positive numbers.
Then for any positive k, L′k · A ≥ 0 and L
′
k · A = 0 if and only if b = 0. Now,
suppose that A * E, then by the projection formula,
L′k · A = kL · ϕ(A)−H · ϕ(A)− λE ·A = kH · β(ϕ(A))−H · ϕ(A)− λE · A.
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The intersection number with H, we denote it by < H, · >, defines a linear
form on N1(X)R. Since H is ample, there is a positive lower bound of < H, · >
for any compact subset of NE(X) \ {0}. So for large enough k, L′k · A > 0.
In conclusion, for k >> 0, L′k is nef and big and vanishes precisely on the ray
spanned by [F ]. Then F is a KX˜ negative extremal curve, so X
+ is projective.
We’d like to thank Will Donovan for pointing out that our Example 3.8 is
already known by Roland Aburf, see [15].
In conclusion, we have proved the following theorem.
Theorem 3.9. A birational map of simple type, if dimX ≤ 5, is either a
standard flop, a twisted Mukai flop or a flop as in Example 3.8.
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